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FOREWORD

The " Annual Basic Science International Conference (Ba®16) had been successfully
held on 2 — 3 March 2016 at Atria Hotel, in Malamhggonesia. The conference theme this
year is Enhancing Innovation in Science for Sustainabledbmyment The conference is
aimed at promoting scientific research activitieg fiellow scientists in Indonesia and
overseas, in the hope of building and strengthenimegworks and collaborations.
Additionally, the conference is also designed tmdrrexperts as well as students together
from different disciplines related to basic sciexcéo stimulate the formation of new
collaborations. So, it is an event where new geditgraf scientists will coalesce with the
senior and experienced ones.

We do thank all participants for their contributedks, the keynote speakers, as well as the
invited speakers for coming and sharing their kmolge with us. The presenters actively
contributed in sending their articles to be puldshn this proceeding. We also thank
Brawijaya University and Faculty of Sciences intgatar, the organizing team from the
Department of Mathematics, Faculty of Sciences,whaya University, as well as all
members of the scientific committee.

We are delighted that the proceeding of tH® &nnual Basic Science International
Conference (BaSIC 2016) had been completed. Ithisok containing papers that had been
presented in the BaSIC conference. Moreover, tti@es in this proceeding are divided into
a breath of the conference subjects of Materiakr®& and technology, Science and
Technology Education, Environmental Science andhielogy, Molecular and Health
Science, Mathematics, Statistics, and Modelingrdinsentation and Measurement, as well as
Energy. The proceeding is aimed at collecting dmatisg any useful information that had
been gathered during the BaSIC conference.

The editorial team has made some editing and dmreneeded in some cases. Most of the
editing correction are conducted and concentratdtie organization of the paper based on
the guideline and the language. Some figures abtegawere corrected, and placed
accordingly. In addition, the language is the mise-consuming work; hence on behalf of
the committee we apologize for the late publistohthis book and for any inconvenience as
a result of the delay.

We give our gratitude to the reviewing and editiegm for their hard work and for making

the publication of this proceeding happen. We agfzamk all participants and presenters for
the kindness to be part of the BaSIC conferenceh@ye the readers of this book could gain
new knowledge, information, and idea for a reseant further research collaboration,

particularly in the topics or subjects related &sib sciences.

Best regards,

Achmad Efendi, PhD
Chairman of BaSIC 2016




WELCOME MESSAGE

On behalf of the Dean of Faculty of Mathematics Aladlural Sciences, we are very pleased
to welcome you in the proceeding of the Sixth ArnnBasic Sciences International
Conference 2016. This proceeding is one of theimoation for the conference. Based on
these papers, hopefully more collaboration cambiaied or should be followed up.

I would like to express my gratitude to all of t@ntributed papers, also keynote and invited
speakers. Many thanks also goes to the reviewetrsheneditorial team for the big effort in
supporting this proceeding.

Last but not least my big appreciation to the stgeand organizing committees, in realizing
this proceeding.

Faculty of Mathematics and Natural Sciences,
Dean,

i

Prof. Dr. Marjono, M.Phil.
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Abstract - In this paper we discuss the characterizatiorhefsolution systerd @ x = b over supertropical
algebra. The Cramer method is used to solve syefelinear equations. We show that thex n system of
linear equations over supertropical algebra hasigue solution, or an infinite number of solutions.

1. INTRODUCTION

Tropical algebra is idempotent semirings and sefdi$i. Max-plus algebra is one of many idempotent
semirings. Max-plus algebra is definedRg,x = (R.,D,Q), whereR, = R U {—o} with R is the set of real
numbers,e & —oco, a @ b & max{a,b}anda @ b & a + b for everya,b € R,. We can show thafR,,®
,&®)is an idempotent semiring, where for evarg R,, a @ a = a holds. Moreove(R,,®,&) is a semifield,
where for everyz € R there exist-a such thata @ (—a) = 0 [1]. In contrast to conventional linear algebra,
there are no inverse elements with respe@tio R,,... It also causes difficulty when solving linear teyas of
equations A ® x = b. Consider the following equation @ 12 = 2 © max{x;, 12} = 2. Clearly, this
equation has no solutions &,,,,. Therefore a new structure that generalizes masg-glgebra is constructed
and it is called extended tropical semiring, dedasT = RU {—o0} U R”. That is a semiring whose neutral
elemente & —co and unity element & 0. Ris the set of real numbers af = {a”:a € R}. R, = R" U
{—oo} is called ideal of, andv:T - RY, is called the ghost map satisfyingda) = a,va € R?,, and
v(a) = a’,Va € R. Generally, the extension of tropical algebra @led supertropical algebra. This paper
concentrates on characteristic of the solutionsoof homogeneous system of linear equatibi x = b over
supertropical algebra.

2. METHODS

In this section we explain the basic concept artdtimm of max-plus algebra, tropical algebra, amgestropical
algebra. For further details sgd and[3].

2.1 Max-Plus Algebra

Definition 1. [1] Max-plus algebra is defined &,,x = (R.,H,®), whereR, = R U {—o} with R is the set
of real numberss & —co,a @ b & max{a,b}anda @ b & a + b for everya, b € R,.

We can show thaiR,,®,&)is an idempotent semiring, where for everg R,, a @ a = a holds Moreover
(R,,B,R) is a semifield, where for everye R there exist-a such thatt ® (—a) = 0.

2.2 Tropical Algebra

Tropical algebra is idempotent semirings and sedi$i. Based on Definition 1, max-plus algebra érigotent
semirings and semifields, so it is a subclassagfital algebra.

2.3 Extended Tropical Semiring

Definition 2. [2] Extended tropical semirinfj = R U {—x} U R” is a semiring whose neutral elemerif —oo
and unity element & 0. R is the set of real numbers aRd = {a”:a € R}. R”,, = R U {—} is called ideal
of T,andv : T - R”,, is called the ghost map satisfyin(n) = a, va € R?,, andv(a) = a", Va € R.

We use the notatiom, b € R for reals,a’, b* € R’wherea,b € R, andx,y € T.
Definition 3. [2] The Partial order relatiom onT is defined as

1. —0o<x,Vx €T\ {—o0}.
2. For every real numbers< b thena < b,a < b%,a” < b, anda® < b".
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3. a < aV for everya € R.
Axiom 1. [2]The axiom of the extended tropical semirificare

—o@Px=x@ —o = xforeveryeT.

x @ y = max _{x, y} unlessx = y.
aPa=a"Pa’"=a®a’*"=a’"Pa=d".
—0o@x=xQ® —co = —oofor everyx € T.
a® b =a+bforeverya, b € R.

A’ @b=aQ@b"=a"Qb" =(a+Db)".

oukwNE

2.4 Supertropical Algebra

Definition 4. [2] Semiring with ghost is a tripléR, G,, v) whereR is a semiring with neutral elemedy and
unity elementlg, G, = G U {0z} is called the ghost ideal, amd R — G, is called the ghost map satisfying

a®a=v(a),Va €R.
T =R\ G, is the set of tangible elements, agds the set of ghost elements.

Definition 5. [2] A supertropical semiring is a semiring with gh@®t G,, v)that has the additional properties,
Va,b € R such that ila? = b¥ thena @ b = a¥ and ifa # b thena @ b € {a, b}.

Definition 6. [3] The ghost surpassing relatienonR is defined as

akEbifa=>b@& c, for somec € G,.
2.5 Matrices over Supertropical Algebra

The square matrices of sizex n in supertropical algebra are denotedy(R)with entries inR. For every
n € N with n # 0, operationd and® of R can be extended to matricég (R).

We collect some basic definitions about matricesr @upertropical algebra.

Definition 7. [3] Determinant of matriceg € M, (R) is defined as
|Al = ®res, A1n1) ® Azn2) ® .. @ Ay r(m), WhereS,, is a grup permutation.

Definition 8. [3] Let A € M,,(R), minorM, ;is defined as determinant obtained by deletingitnew and;

cof;; -+ cofyy
column ofA. The adjoint matrices of denoted byadj(4) = (Cof(4))" whereCof(4) = - : l

cof,; - cofy,
andcofi’j = Mi,j'

Definition 9. [4] A matricesA € M,,(R) is called non singular {4| € T and singular ifA| € G,.
Definition 10. A pseudo-identity matrices of simex n denoted byg, i.e. the main diagonal elements of the
matrices are equal wand the other elements are equal twa” € G.

Definition 11. [4] Supposed € M, (R), pseudo-inversd’ of 4 is defined agl” = |17R| ® adj(A), if |A] € T.

3. RESULTS AND DISCUSSION

In this section we discuss the characteristic efgblutions o4 ® x = b over supertropical algebra. We focus
on extended tropical semiring, thatliss R U {—o} U R” with T = R, G = R andR = T. System of linear
equationsA ® x = b will be weakenedl @ x = b. Therefore, we introduce a ghost surpass relatiR.

Definition 12.[3] Leta,b € R thena = b < a = b @ ¢, for somec € G,,.
Definition 13.[3] Leta e R, b e T thenaEb < a @ b € G,.
Definition 14.[3] Leta,b € T thena = b < a = b.

Definition 15.[3] Leta € G,, b € Rthena = b < a =, b.

Now we give the solution set of some basic ghogiags orR. Suppose € T andx € R.
1. x E a. The solution set of is given by{a} U {b”|b € T and b >, a}.

2. x E a®. The solution set of is given by{b”|b € T and b >, a}.

3. x = . The solution set of is given by{e} U {b*|b € T}.

Lemma 1.Leta € T,b € R. Foreveryx € Rthena@ x Eb = x £ a® 1 ® b.

Theorem 1.Leta € T, b € T. For everyx € T thenx = a®~1 ® b is the unique solution of equation
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a@x Eb.

Proof : We will prove thatx = a®~' ® b is the unique solution af @ x & b.

Suppose € T is another solution af ® x = bthena @y E b < y = a® 1 ® b. It is known that
xEa®1®b
yEa® 1tQ®b
Definition 14 we obtainr =y & x = y. So itis clear that if € T is another solution oft Q x = b then
y =x =a®1® b. We get the solution af ® x & b is the unique solution = a®~* Q b.

xE=a®1®bis the solution ofa ® x b then { Sincex e T andy €, based on the

Theorem 2.Leta € T andb € T. All the solution ofa @ x = b can be written as
x, = x @ t¥ for somet? € G,.
Proof : Based on Definition 13 we obtain® x Eb = a @ x @ b € G,.
Based on Theorem 1, we know that a®~' ® b is the unique solution af @ x = b. For everyx € T, it is
easy to see that® t¥ E e sincea Q@ t¥ € G,.
By adding the equatiomn® t” = ctoa @ x @ b E e then
S@QRQtYD @R®x)DbEe
SaQQ@xBtY)ED
By left multiplyinga ® (x @ t¥) & b by a®~! we obtain
2d® TR U®tNEa®I®D
SxPt'Ea®1®b
Assumex, = x @ t¥ thenx, = x. Based on Definition 12, we can write
X Ex © x, =x @ t? for somet?” € G,. If t >, x thenx, = t*.
Therefore, all the solution &f @ x = b can be written as, = x @ t” for somet” € G,.

Moreover, ghost surpass relation®ean be extended to the vector case.
Definition 16. [3] Supposat € R™ andw € 7" thenuew @ u @ w € G,™.

Definition 17.[3] Let A € M,,(R), x € R™ andb € J," then the system of
AQ® x E bis equivalent with @ x @ b € G,™.

Next, we will discuss about the solution systemimdéar equationsl @ x = b over supertropical algebra by
using Cramer formula.

Lemma 2.[3] Let A € M,(R) thenA ® adj(A) E |A| Q I,.

Proof : We will prove thatd @ adj(A) = |A| ® I,. Based on Definition 13, to prove® adj(A) £ |A] Q I,

it is same by proving thqt ® adj(A)) @ (14l ® I,) € Go™.

(A ®adj(A) ® (1Al ® 1) = [4i;] ® [Cof; (D] D141 ® Iy = (141 ® 1) © (1Al ® L) € Go™,

thus, it can be concluded th&R adj(A) = |A| Q 1,.

. o . . F G
Lemma 3.Let A € M,,(R) the matriced € M,,(R) are partitioned into the following fer = [H a

nn
F is (n —1) X (n — 1) matrices ofd, H is (n — 1) x 1 matrices of4, G is 1 x (n — 1 matrices of4, a, ,is

tangible element . Then|4| = |Z afn| =(IFI| ® apn) ® (H ® adj(F) ® G).

] where

The following is Cramer formula in supertropicajelbra.
Theorem 3.[3] Let 4 € M,,(R) andb € 7," . Then every solutiow € R™ of the linear system
AQRx EDb
@
satisfies Al @ x £ adj(A) ® b
2
then the solutionr = |4|®~! ® (adj(A) ® b).

Proof : We will prove thatx € R™ satisfiedA| @ x £ adj(A) ® b.

Based on Lemma 2 we obtadn® adj(A) = |A| ® I,.

AssumedA| € T, by right multiplying of thed ® adj(A) & |[A| ® I, by |A|™! ® b, we obtain
(A®adjd) ® (1417 ®@b) F (1Al Q@ 1) ® (141®* ® b)

= AQ (adi(d) @ 1412 ® b) £ (A @ 141®71) @ (I, ® b)

= A® (141® ®adj(A) ® b) F (I, ® b)

SAQRQxED

we see that = |4|®' ® adj(A) ® b is the solution oA @ x E b.
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Theorem 4.[3] Let A € M,,(R) andb € 7;" . If the vector(adj(A) ® b) € 7, and|A| € T then
x = |A|®71' ® (adj(A) ® b) is the unique solution f @ x & b.

Proof: We will prove thatx = |4|®~! ® (adj(A) ® b) is the unique solution of ® x = b. We will proof it
by induction on the dimensian(size of the matrices).

Whenn = 1 the result of obvious. Based on Theorem 1, weinkbt® x £ b thenx = a® 1 ® b.

Assumen = k — 1 is true,

we will prove thath = k also holds.

Now, the matriced € M,,(R), b € 7," andx € T," are partitioned into the following form

A= [1; ag"],b = [ll)gl] x= [5] wheréd is 1 X (n — 1 matrices of4, Fis (n — 1) X (n — 1) matrices of4,
n
G is (n — 1) x 1 matrices of4, Bis (n — 1) x 1 matrices ofb, X is (n — 1) x 1 matrices ofx, a,,, is tangible

element of4, b, is tangible element di, andx,, is tangible element of.
. . H a, [X] b,
so that the equatioh @ x = b can be written aEF p ] ® x, E [B]

HRX)D (al,n ® xn) E b 3)
FRX)D(GRx,) EB (4)
by left multiplying the equatio4) by F'we obtainf’ @ (F @ X) E F' ® (B ® (G ® x,,))

SXEF' BB F' QG x,)

SXEF'Q (B (G ®x,))

=Xk (IFI® ®adi(®) ® (B & (6 ® x,))

(5)

using the substitution, we replace equation (B)rwe obtainH @ X) @ (a,, ® x,) E b,

= HQ (IFI® ®adi(F) ® (B @ (6 ® %)) @ (a1, ® x,) F by

= (IFI®' @ H®adj(F) ® B) @ (IFI® @ H ® adj(F) ® (G ® %)) @ (a1 ® x,) = by

(6)
by left multiplying the equatio§6) by |F|, we obtain

& (H®adj(F) ® B) ® (H Q@ adj(F) ® (G ® x,)) @ IF| @ (a1n ® x,) E |F| ® by
S |FIQ® (a1, @ x,) B (H Q@ adj(F) ® (G ® x,)) E (IF| ® by) & (H @ adj(F) ® B)
=1, ® ((IFI® a1,) ® (H ® adi(F) ® 6)) = (IF| ® by) ® (H ® adj(F) ® B)
(IFI ® by) © (H ® adj(F) ® B)
((IF1 ® a1,,) ® (H ® adi(F) ® &)
based on Lemma 3, we obtaif] = ((|F| ® ar,) ® (HQ adi(F) ® G)) , thus
(adj(A) ® b),, = (IF| ® by) & (H ® adj(F) ® B)
Finally we obtainx, = % & x, F A% ® (adj(A) ® b),,.
Since(adj(A) ® b) € 7" and|A| € T thenx,, € 7" for anyn.
So itis clear that = |A|®~! ® (adj(A) ® b) is the unique solution of @ x E b.

AR x l=b<:>{

Let D,; be the determinant of the matrices obtained blaoapy thei — th column ofA with b, then
(adj(A) ® b); = D,;. AssumeD = |A| then the equation (2) is equivalent to
=©DQRxkFadi(A)®b

& x kEadj(A) @ b D® !

& x; = (adj(A) @ b); @ DO

e x; ED,; @ DO

If D,; € T andD € T we obtainx; € T;" for anyi € n. Thenx; = D,; ® D® L.

We see that it is exactly the Cramer formula issieal algebra.

4. CONCLUSION

Characterization of the solution afx n system of non homogeneous of linear equatidr® x = bover
supertropical algebra has a unique solution if anlgt if |A| € T and (adj(A) ® b) € T,™, and has an infinite
number of solutions if and only [fi| € G,.
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