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Computation Decomposition HAAR Wavelet Based Max-Plus Algebra

COMPUTATION DECOMPOSITION HAAR
WAVELET BASED MAX-PLUS ALGEBRA

Hergian Dinarina®, Mahmud Yunus?, Subiono®

Abstract. In this paper, the formula a wavelet transform max-plus is proposed, which
is a wavelet transform to compute coefficients of decomposition in max-plus algebra
system. This wavelet transform is proposed by simplifying the morphological wavelet
transform. It is a very reasonable thing to do because in max-plus algebra system, where
analysis and synthesis operation are defined by max and standard sum, so that, can
minimize a complexity in a calculation, therefore, they are can ensure a data information.
The operators that used in max-plus algebra system are closely related to operators in
mathematical morphology, such as dilation and erosion, used to formulate the wavelet
transform morphology. The formulation of this transformation will be used for
decompositioning of a higher-resolution signal into a lower-resolution signals. A
recursive wavelet transform, will decompose a signal into an approximation signal (low
frequency part) and some detail signal (high frequency part). We will also be
development an algorithm for computing coefficients of decomposition in max-plus

algebra system.

Keywords and Phrases: wavelet transform, wavelet morphology, max-plus algebra.

1. INTRODUCTION

At the morphological Haar wavelet transform, the average operator is
replaced by the operator max or min operator (Xiang, et al [8]). The operator
max / min is reminiscent of the max-plus algebra. In max-plus algebra, the
operator used is the max and sum operators (Subiono [6]). This is one reason
that, wavelet transformation can be formulated to max-plus algebra system.
Max-plus algebra are able to make the calculation process becomes simpler,
because the operator is used to minimize errors that would arise when doing

numerical computations with general operators. In the process of signal
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decomposition, the error appears to result in reduced accuracy of the data so that

information contained in the initial signal can be reduced validity.

1.1 The Formula of Max-Plus Wavelet Haar Transformation

In this section, will present the process of formation of the Haar wavelet
transformation formula in the max-plus algebra system. This process starts from
the decomposition formula using morphological Haar wavelet transform has
been written by Heijmans, et al[5]. In the process of decomposition of the data at
this stage of analysis, the formula for the approximation of operators, ie
operators that are used to obtain the signal approximation, the classical Haar
wavelet (Xiang, et al [8]) is often referred to as the operator of averaging
replaced by morphological Haar wavelet transform formula in max operator, the
following :

v =w,, D V¥, ,Ql+1),0<1<2k-1 (1)
For service details, no change in the formula, namely :

W =, 20 - WY, U+ D0 1< 2k -1 @

1.1.1 Signal analysis proces

The following scheme shows the main signal V(© decomposed into an
approximation signal, which is located at the top of the scheme (Heijmans, et

al[5]) and some signal detail, namely the gray starts from the top.
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Figure 1. Schematic process of analysis with morphological Haar
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At the morphological Haar wavelet transform for 1-dimensional (Xiang, et al
[8]), all operators in it works in principle the same as the classical Haar wavelet
transform, only the average operator in effect on the Haar wavelet transform is
replaced by a nonlinear max operator (denoted by ) or min (denoted by ).

Morphological Haar wavelet transform for the analysis are:

Y=, DVY,l+1),0<1<2k-1
WY = W, 2D -, @I+ 1D),0< <2k -1

As for the transformation of 2-dimensional data decomposition (Heijman, et
al, [5]) can also be done by seeing in figure 2. Let V(© denote the point n, 2n,
that is (m,n), (2m,2n) € Z?2, then the points,, namely the points 2n,, 2n*,
2nt, are 2m+ 1,2n), 2m,2n + 1), (2m + 1,2n + 1). In this case, the rows
of the main signal and an approximation signal is all functions from to, where as
the signal sequence is a function of the details. Then the approximation operators
are defined in Heijman, et al, [5].

In general, the decomposition of 2-dimensional data can be described as

follows. Processing of this data can be valid for 2-dimensional 2n, withn > 1.

x(2n) | x(2n*) Sinyal Detail
> hampiran | vertikal

x(2n;) | x(2ni) Detail Detail
horisontal | diagonal

Figure 2. 2-dimensional processing using morphological Haar wavelet transforms

The next stage is to establish a formula for the max-plus wavelet transform
for the analysis stage, by replacing the max operator to operator o-plus and plus
to be o-cross, while the minus operator can be replaced by the operator o-cross
after previously done by the operator plus opponent

e 1-dimensional
Formula approximation operator for 1-dimensional data is:

WO =W, @) @ W, @l+1)
and formula operator detail :
WY =W, 20 ® (WY, 2L+ 1))

e 2-dimensional
While the formula for the operator detail:

YT (n) = x(2n) @ x(2n,) @ x(2n*) @ x(2n})
AMLL - 3
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And the formula for the signal operator detail:
W) () = 3 (x(2m) @ (~x(2n%)) ® x(2n,) ® (~x(2n)))
WG = 3 (x@m) @ (~x(2n,)) ® x(2n*) ® (~x(2n))
WG = 3 (x@m) ® (~x(2n,)) ® (~x(2n*)) ® x(2n}))

After decomposition of the analysis process, will then decompose with the
process of synthesis. This process can be referred to as the inverse of the
analysis process, where the approximation signal and detail signal sequence is
used to recover the main signal. The processing by synthesis process is also
started with a 1-dimensional process, to more easily understand, and then

continued with 2-dimensional process.

1.1.2 Signal synthesis process

Formula for the synthesis of 1-dimensional and 2-dimensional process
using morphological Haar wavelet transform (Heijman, et al [5]).

In the same way on the formula for process analysis, can be obtained
morphological Haar wavelet transform formula for the synthesis of which is
written in the max-plus algebra operators, namely:

e 1-dimensional :
Y(x)(2n) = P 2n + 1) = x(n)
and,

wh(y)(2n) = -y(n) @ 0
wr(y)(@2n+1) = -(y(n) @ 0)
also,

x(2n) = W x)En) @ (W)
x2n+1) =¥ C2n+1) ® (—Wi(y)(Zn + 1))
e 2-dimensional

As for the 2-dimensional formula is as follows:
Pl(x)(2n) = PH(x)(2n,) = PH(x)(2nt) = PHx)(2nd) = x(n)

and,
W @@ = (=30 ® (—ya()) ® (=3, () ® (—ya™m)))
@® (—Yh(n) ® (—yq ("))) @0
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W 2ny) = (=3 1) ® yp() @ (=3, () ® ya(n))
® (ya() ® y,(m)) @0

Wty (2n®) = (=ya() ® y,(1) @ () (n) ® ya(n))
® (—yn(m) @ ys(n)) @0

W 2nd) = (1) ® yr () @ (—ya() ® y,(n))
® (-ya(m) ® y,(n)) @0

also,
x(2n) = P10 (2n) ® (-W'(y)(2m)x(2n,)

=7 ()(2n,) @ (-W'()(2ny))x(2nh)

=P ) (2n") ® (-W'(n)(2n*))x(2n)

=02 @ (-W' () (@n))
Where y = (3, Yn, Y4) and y,, in question is y,, = W, (x), as well as y; and y,.
Henceforth, will be prepared and applying the calculation algorithm in pattern
recognition applications. The next execution will also conduct comparative
efficiency of each formula, the classical Haar wavelet and Haar wavelet max-
plus, so that they can give their views on the processing, particularly an image

processing.

1.2 Algorithm

In this section will be tested formula of max-plus transformation of the
Haar wavelet and Haar wavelet transform classic formula. Means employed to
test these formulas is by forming an analytic algorithm of each formula. Of the
algorithm is formed, will note the speed of the process, which will appear with a
number of steps of the algorithm itself, and the accuracy of information during

the calculation process.

1.2.1 The Algorithm

Algorithm 1. Classical Haar wavelet transformation
1. Enter an array of 2%

2. Count the number D, in which many formed couple D = 2k-1
3. Calculate h; = azib, 1<i<D
4. Calculate d; = d;_; + az;b, 1<i<D
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size(h;)

5. Calculate D =

6. During D > 1, perform steps 3 and 4 again

7. Results of decomposition: h; (the approximation) and d; (detail)

From the algorithm analysis process is apparent that there are stages that
make the calculation are a fraction. This will make it difficult for the process of
synthesis, because the results obtained is not necessarily exactly the same as the
initial data. Possible errors that would happen is what can reduce the accuracy of
the data, consequently the information on the initial data can also be lost.
Furthermore, we will set up an algorithm process the data decomposition

analysis using max-plus transformation Haar wavelet.

Algorithm 2. Transformation Haar wavelet max-plus

1. Enter an array of 2%

2. Calculate D = 2k-1

3. Calculate h; = max (a,b),1<i<D

4. Calculated; =a® (—b),1<i<D

5. Calculate D = 226

6. During D > 1, perform steps 3 and 4 again

7. Results of decomposition: h; (the approximation) and d; (detail)

Of the two algorithms above, it appears that the number of steps required to
processing is the same. However, the formula for the Haar wavelet max-plus
calculation does not appear that resulted in the emergence of fractions. This is of
course very useful in the process of decomposition, because it can minimize the
risk of lost information due to rounding of numbers. And, of course, can
simplify the synthesis process to obtain preliminary data after the analysis

process.

1.2.2 The Examples

For comparison, the following example will be able to clarify the difference
both in conducting decomposition algorithm for analysis process.
Preliminary data:

6 4 2 5 5 6 8 7
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Classical Haar wavelet algorithm

6 4 2 5 5 6 8 7

7 11 15 3 1 1
5 — — | = 1 —— 1 —= —

2 2 2 2 2
17 3 3 1 1
— 13 - -1 1 —— i —= =
2 4 2 2
43 9 3 i 3 11
— | == = =11 - == =
4 4 ! ; 2y 2 2

Figure 3. Computing the classical Haar wavelet decomposition formula

Max-plus algorithm Haar wavelet

6 4 2 5 5 6 8 7

2 | 31 2 i 21 2 134111

Figure 4. Decomposition formula for computing the max-plus Haar wavelet

3. CONCLUDING REMARK

From the discussion in the previous section, it appears that the formula for
max-plus transformation of the Haar wavelet produces the approximation and
the detail of the number that much easier. A result of data analysis on max-plus

Haar wavelet is also easier to process synthesis to obtain preliminary data.

References

[1] Bogges, Albert. dan Francis J. Narcowish., (2001), “A First Course in Wavelets with Fourier Analysis”,
Prentice-Hall, Inc., New Jersey.

AM11 -7



Hergian Dinarina®, Mahmud Yunus?, Subiono®

[2] Hajime, Nobuhara., Hirota, K., dan Bede, B., (2006), “Max-Plus Algebra Based Wavelet Transform and Its
Application to video compression/ reconstruction”, IEEE International Conference on Image
Prosessing, Atlanta, GA, hal 1785-1788.

[3] Hajime, Nobuhara., Trieu, Dang Ba Khac., Maruyama, T., dan Bede, B., (2010), “Max-plus algebra based
wavelet transforms and their FPGA implementation for image coding”, ScienceDirect on
Information Sciences 180, 3232-3247.

[4] Heijmans, H. J. A. M. dan Goutsias, John., (2000), “Nonlinear Multiresolution Signal Decompotition
Schemes-Part | : morphological pyramids”, IEEE Transaction on Image Processing, Vol 9, No. 11,
pp. 1862-1876.

[5] Heijmans, H. J. A. M. dan Goutsias, John., (2000), “Nonlinear Multiresolution Signal Decompotition
Schemes-Part 11 : morphological Wavelets”, IEEE Transaction on Image Processing, Vol 9, No. 11,
pp. 1897-1913.

[6] Subiono., (2010), “Aljabar Max Plus dan Terapannya”, Jurusan Matematika Fakultas MIPA. Institut
Teknologi Sepuluh Nopember (ITS). Surabaya.

[7] Wikipedia search engine, diunduh pada tanggal 22-12-2010, “Mathematical Morphology”,
http://en.wikipedia.org/wiki/Mathematical _morphology

[8] Xiang, J. Zhen dan Ramadge, Peter J., (2010), “Morphological Wavelets and The Complexity of Dyadic
Trees”, Dept of Electrical Engineering, Pricenton University, Princeton NJ.

[9] Yunus, M., (2010), bahan ajar mata kuliah Analisis Wavelet, Jurusan Matematika Fakultas MIPA. Institut
Teknologi Sepuluh Nopember (ITS). Surabaya.

Hergian Dinarina: Department of Mathematics Sepuluh Nopember Institute of
Technology, Surabaya.
E-mails: eghi.dr@gmail.com

Dr. Mahmud Yunus: Department of Mathematics Sepuluh Nopember Institute of
Technology, Surabaya.
E-mails: yunusm@matematika.its.ac.id

Dr. Subiono: Department of Mathematics Sepuluh Nopember Institute of Technology,
Surabaya.
E-mails: subiono2008@matematika.its.ac.id

AM11 -8



	CoverICEMATH2011.pdf (p.1-6)
	cover.pdf
	Proceeding of The International Conference on Numerical Analysis and Optimization (ICeMATH2011).pdf
	INFO.pdf
	Table of Content.pdf
	A1 - LYAPUNOV-Max-Plus-Algebra Stability In Predator-Prey Systems Modeled By Timed Petri Net With The Entire Holding Times Are Considered.pdf


	PaperHergianaICEMATH2011.pdf (p.7-14)

